Let A be a semisimple right complemented Banach algebra, LA the left regular representation of A , and M¡(A) the left multiplier algebra of A . In this paper we are concerned with LA and its relationship to A and M/(A). We show that LA is an annihilator algebra and that it is a closed ideal of M¡(A). Moreover, LA and M¡{A) have the same socle. We also show that the left multiplier algebra of a minimal closed ideal of A is topologically algebra isomorphic to L(H), the algebra of bounded linear operators on a Hilbert space H . Conditions are given under which LA is right complemented.
Introduction
Let A be a semisimple Banach algebra. In §3 we obtain some useful results for left (right) ideals in the algebras A, LA, and M¡ÍA). For example, we show that every closed left ideal J of A is a left ideal of LA . Moreover, if A contains a left approximate identity then J is also a left ideal of M/ÍA). A semisimple annihilator right complemented Banach algebra has this property. Section 4 is devoted to the study of LA , where A is a semisimple right complemented Banach algebra. We show that LA is an annihilator algebra and that it is a closed ideal of M¡ÍA). Each minimal closed ideal of LA is topologically algebra isomorphic to LC(2/), the algebra of all compact linear operators on a Hilbert space H. Furthermore, LA is right complemented if and only if x G clj^ ixLA ) for all x G LA . If LA is right complemented then it is a dual algebra.
Preliminaries
Let A be a Banach algebra. For any subset S of A, lAÍS) and r¿(S) will denote, respectively, the left and right annihilators of S in A and clAÍS) will denote the closure of S in A. The socle of A will be denoted by SA . By an ideal we will always mean a two-sided ideal unless otherwise specified. We call A a modular annihilator algebra if every maximal modular left (right) ideal of A has a nonzero right (left) annihilator. A semisimple Banach algebra with dense socle is modular annihilator [15, Lemma 3.11, p. 41] . We call A an annihilator algebra if for every closed right ideal /, I ^ A, /^(2) ^ (0), and for every closed left ideal J , J ^¿ A, rAÍJ) ^ (0). If, in addition, r^(/^(2)) = I and lAírAÍJ)) = J, then A is called a dual algebra.
If A is a semisimple Banach algebra and K is an ideal of A , then lAÍK) = rAÍK) [15, p. 37] . We denote the common value lAÍK) = rAÍK) by Ka be the algebra of all left multipliers on A . Since every left multiplier on A is continuous [6] , M¡ÍA) is a Banach algebra under the operator bound norm. For each a c A , let La be the operator on A given by Laix) = ax , x c A . Then La G MiiA), for all a c A, and the mapping ¿z -► La is a norm-decreasing algebra isomorphism of A into M¡ÍA) and embeds A as a left ideal of M¡ÍA), [12, 14] . Let LA be the closure of {La: a c A} in M¡ÍA). We call LA the left regular representation of A. In what follows we will identify A as a left ideal of M¡ÍA) and as a dense left ideal of LA . In the terminology of [7] , A is an abstract Segal algebra in LA . It is shown in [14] that every subalgebra B of M¡ÍA) such that A c B is semisimple. Thus, in particular, LA is semisimple. (See also [12] .)
All Banach algebras considered in this paper are over the complex field. When necessary we will denote the norm in a Banach algebra A by || • |U • This will occur when two or more Banach algebras are involved at the same time. Otherwise the norm in A will be denoted simply as || • ||.
Let X be a Banach space. Then L(X) will denote the algebra of all bounded linear operators on X and LC(X) the subalgebra of all compact linear operators on X. If 5 is a subspace of X and T c LÍX), then T\S will denote the restriction of T to S.
Let A be a Banach algebra and let Lr be the set of all closed right ideals in A. We say that A is right complemented (r. We put together several useful results in the following lemma. If A has a left approximate identity (not necessarily bounded) then Proposition 3.5 takes the following more general form. 
Main results
In this section we study LA where A is a semisimple r.c. Banach algebra with a right complementor p . Since A is semisimple, so is LA . 
73], the left regular representation Lk of K is topologically algebra isomorphic
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use to LC(22). For each a c K, let Lf be the left multiplication by a on K, i.e., Lf(x) = ax for all x G K. Then LK G LK and LK = La|2v . Sincê 4 = K © 2vp , there exists a constant Dk > 0 such that if x c A and we write x = xx + x2, xx G K and x2 G 2vp , then ||x,|| < 2)jt||x|| for z = 1, 2.
For T G M/ÍK), let T' be the mapping on A given as follows: For x c A , x = xx+ x2, xx C K, and x2c Kp , define T'(x) = 7\xi). Then T' is linear and ||r'|| < 2)jc||r||, where ||r|| denotes the norm of T over K. Clearly II711 < ||T'||. Moreover, using the fact that K" = lAÍK) = rAÍK) [ is a closed subalgebra of M¡ÍA). Since LK is the closure of {LK: a G K} in M¡ÍK), it follows that PkÍLk) is the closure of {La: a c K} in M¡ÍA).
Therefore PkÍLk) c La and PkÍLk) = cIlaí{L0: a G K}). For convenience of notation, let K = pkÍLk) . Identifying A as a subalgebra of LA , we get K = cIl^Ä^) . By Corollary 3.6, K is a closed ideal of LA . Since K is topologically algebra isomorphic of LC (22), K is an annihilator algebra. Clearly K is a minimal closed ideal of LA .
Let {Ka : a G £2} be the family of all distinct minimal closed ideals in A . By Proof. This follows immediately from Lemma 2.1 and Theorem 4.1. Hence tr is onto and so M¡ÍK) is topologically algebra isomorphic to LÍH). Thus the socle of M¡ÍK) is mapped by a onto the socle of LÍH), and the socle of LÍH) is equal to the socle of LC(22). As LC (22) is topologically algebra isomorphic to LK c M¡ÍK), it follows that the socle of M/ÍK) is equal to the socle of Lk .
Corollary 4.6. Let A be a semisimple right complemented Banach algebra and let K be a minimal closed ideal of A . Then M¡ÍK) is topologically algebra isomorphic to M¡ÍLk) ■ Moreover, the socle of M¡ÍK) is equal to the socle of LK so that, in particular, LK is a closed ideal of M¡ÍK).
We will show below that also LA is an ideal of M¡ÍA). We observe that . We know that pKÍM¡ÍK)) is a closed subalgebra of M¡ÍA). We claim that it is also an ideal of M,ÍA). Note that pKíM¡iK)) = {T':T c M¡ÍK)}. Let T G M/ÍK), S G MiiA), and x c A. Write x = xx + x2 with xx c K and x2cKp. Then (7"S)(x) = r(S(*i + x2)) = T'iSixx) + S{x2)) = TiSixx)) = iT{S\K))ixi) = ÍTÍS\K))'ix). Hence T'S = (T(5|2í))' G pKÍM,ÍK)). Likewise ST' G PkÍMiÍK)) . This verifies our claim.
Theorem 4.7. Let A be a semisimple right complemented Banach algebra. Then LA is a closed ideal of M¡ÍA). Proof. To simplify notation, let B = M¡ÍA). Let AL = {La: a G A} and let e be a minimal idempotent in B. By Corollary 3.4, eB contains a minimal idempotent / of AL . We have f = Lg , for some minimal idempotent g G A .
Since Sla Q Sb , it follows that / is also a minimal idempotent of B and eB = fB. Let 2 = clBÍBeB) = clfi(2//2f) and K = clAÍAgA). Then 2 (resp.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use K) is a minimal closed ideal of B (resp. A). Since f G pKÍMiiK)) n 2, it follows that PkÍMiÍK)) n 2 ^¿ (0) and therefore, by the minimality of 2, PkÍMiÍK)) n 2 = I. This shows that e G pKÍM,ÍK)). Now L* c M/fÄ") and, by Corollary 4.6, SLlc = Sm,(k) ■ Hence e G PkÍLk) c La and so Be c S/,^ . Thus Sb Q Sla ■ As Sla c Sb , we obtain S^ = S^ . Since SLa is dense in LA and 5^ = Sß is an ideal of B , it follows that LA is a closed ideal of B . Theorem 4.11. Let A be a semisimple right complemented Banach algebra. If LA is right complemented then LA is a dual algebra. Proof. Suppose that LA is right complemented. Then x G cIlaíxLa) for all x G LA . Since LA is an annihilator algebra, by [12, Theorem 3.6, p. 75], LA has a quasi-bounded left approximate identity so that x G cl^ (L^x) for all x G LA . Thus x G cliAixLA) n cILaÍLax) for all x c LA. Therefore, by the proof of [10, Theorem (2.8.27), p. 104], LA is dual.
